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ABSTRACT 

We show how the finite symplectic groups arise as quotients of the pure 

symplectic braid group. Via [SV] certain of these groups -- in particular, 

all groups Spn(2) -- occur as Galois groups over Q. 

I n t r o d u c t i o n  

Let Br be the Art in  braid group on r strings, and B (r) C BT the pure braid group. 

For each vector of parameters  ~ = (~1, . . . ,  ~ )  from a finite field Fq (satisfying 

certain conditions),  a certain group Br(~) between B (~) and Br was defined in 

IV1], IV2], and a homomorphism fie : Br(~) -+ GLn(q),  where n = r - 2. This 
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is essentially the classical Gassner representation of B (~) (a generalization of the 

Burau representation of/3~) with coefficients in Fq. The image of ¢~, a certain 

subgroup A¢ of GL,~(q), occurs naturally as a Galois group over various function 

fields. In [V1] and IV3] this led to Galois realizations (including GAL-realizations) 

over Q of certain groups PGLn(q) and PUn(q). 

In [SV] a certain subgroup £r  of B~ for even r -- 2~ was introduced in a 

geometric context. It has generators satisfying the braid relations of type C~ 

(in the sense of Brieskorn [Br]), and we call it the symplectic braid group. It is 

shown in [SV] that  the image A¢ of £r  n Br(() under (I)~ also occurs naturally 

as a Galois group. The groups A¢ are determined for certain values of 4 in the 

present paper, and this leads to Galois realizations over Q of certain of the simple 

groups Spn(2s). 

In §1 we define the Artin and symplectic braid groups and give some of their 

basic properties. In §2 we study the representations (~¢ and (I)¢. The classification 

of the groups A¢ in the most interesting case 4" = 4 -1 is given in §3: We get A¢ = 

Spn(q) or = Spn(v/-q). This is based on a deep theorem of Kantor [Ka] classifying 

primitive linear groups generated by transvections. An important step is to show 

that  the orthogonal groups in characteristic 2 (one of the possibilities in Kantor 's 

theorem) do not occur in our situation. It is just the most difficult part of this 

theorem (in characteristic 2) that yields our final Galois-theoretic application in 

§4. Finally, in the Appendix we indicate what happens in the other cases (where 

A~ is between a special and general linear (resp., unitary) group). 

We obtain Galois realizations over Q (even GAL-realizations) for the symplec- 

tic groups Sp,~(2f), essentially for n > 2 I+1, n ¢ 4. In particular, all groups 

Spn(2) are included. This improves a result of Hgfner [H] who realized those 

groups Spn(2) for which n + 1 is a prime having 2 as a primitive residue mod 

n + 1. See [MM] and [V4] for the notion of GAL- and GAR-realization, and 

further results on Galois realizations. 

§1. T h e  A r t i n  a n d  s y m p l e c t i c  b ra id  g roup s  

1.1. THE ARTIN BRAID GROUP •r .  Let G be a finite group, and r > 2 an 

integer. The free group F~-I on generators Q I , . . . , Q ~ - I  acts on r-tupels of 

group elements by the following rule: The element Qi (1 ~ i < r - 1) sends 

( g l , . . . , g r )  E G r to 

(1) (gl - i  , . . . ,  g i + l ,  g i + l g i g i + l ,  . . . , g r ) .  

Here gi+l is in the i-th place, and -1 g i + l g i g i + l  in the (i + 1)-th. All other entries 

are unchanged. We let Fr-1 act from the right, so Q i Q j  acts by first applying Qi, 
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then Qj. One checks easily that  the elements QiQi+lQi and Qi+IQiQi+I induce 

the same transformation via (1) (for i = 1 , . . . , r  - 2); same for the elements 

QiQj and QjQi with li - j[ > 2. Hence the above action of Fr-1 induces an 

action of the A r t i n  b r a i d  g r o u p  Br, where Br is the quotient of F~-I  by the 

above relations. From now on we work only in B~, and let the Qi 's denote the 

corresponding generators of BT. 

Clearly there is a unique) involutory automorphism p of B~ with 

p(Qi) = Q~-i for i = 1 , . . . , r -  1. 

This automorphism is inner: p(Q) = QR (= R-1QR) for each Q ~ Br, where 

I ~  ~ -  Q r - l  ( Q r - - 2 Q r - - 1 )  " " " ( Q l ' ' ' @ r - - 1 ) .  

1.2. THE MAP t~ : •r --~ S t .  From the defining relations of Br it is clear that  

there is a (surjective) homomorphism n : Br --+ Sr sending Qi to the transposition 

(i, i + 1). The kernel of ~; is called the p u r e  b r a i d  g roup ,  and denoted by B (~). 

We compute that  n(R) is the permutation in ST interchanging i and r + 1 - i 

( i = l , . . . , r - 1 ) .  

Let C = (C1 , . . . ,  C~) be an r-tuple of conjugacy classes of G. For 7r C ST let 

C ~ = (C~(1),.. .  ,C:(r)) .  We let E(C) be the set of all (g l , . - .  ,g~) E G ~ with 

g~ E C~ for all i. Then each Q c B~ maps the set E(C) to E(c~(Q)). 

1.3. THE SYMPLECTIC BRAID GROUP. Now assume that  r = 2g is even. Let 

L;~ be the subgroup of Br generated by P 1 , . . . ,  Pc, where 

Pi = QiQr-i for i = 1 , . . . , g -  1 

and 

Pe = Qe. 

These elements satisfy the braid relations of type Ce; actually, this yields a 

presentation for £r ,  thus £r  is isomorphic to the braid group of type Ce in 

the sense of [Br]. But this is not needed here and will appear  elsewhere. We 

call L;~ the s y r n p l e e t i e  b r a i d  g roup .  For the geometric interpretation of the 

embedding of £~ into B~ see [SV]. 

Note that  p centralizes £~. The map n maps £r  onto W de f t~(/~r ) ~ St ,  the 

Coxeter group of type Ce. The p u r e  s y m p l e c t i c  b r a i d  g r o u p  £(~) =/3(~) N £~ 

is the kernel of this map 1;~ --+ W. 
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Remark 1: I f r  = 2~?+ 1 is odd then the e lements /5/= QiQ~-i, i < t?, and/se = 

QeQ~+IQ~ also satisfy the braid relations of type C~. Also they are centralized 

by p. The group generated by/51,. . . , /5~ has a similar geometric interpretation 

as £~, but this does not lead to new Galois realizations. 

§2. B r a i d  g r o u p  ac t i on  t h r o u g h  t he  m a t r i c e s  (~(Q, ~) 

2.1. Let q be a power of the prime p, and let Fq be the finite field with q ele- 

ments. Let r > 2 be an integer. Let Z = <~t,--., ~> be a subgroup of the mul- 

tiplicative group F~, where ~i ~¢ 1 for all i. Assume further Fq = Fp(~ l , . . . ,  ~ ) .  

Set ~ = (~1,... ,~ ) -  We write ~ = (~(1) , . . .  ,~(~)) for Ir E S~. Let B~(~) (resp., 

£~(~) ) be the group of all Q E B~ (resp., Q E £~) with ~(Q) = ~. 

Let G de_f Fq x 8 Z be the semi-direct product of Z and the additive group Fq 

(where Z acts on Fq via multiplication). We write the elements of G as pairs 

[u, z] with u E Fq, z E Z. For i = 1 , . . . ,  r let C(~i) be the conjugacy class of G 

consisting of all [u, (i], u E Fq. Set C dee (C( (1) , . . . ,  C((~)), and E( ( )  def E(C). 

2.2. THE aEPRESENTATION ~¢. Write the elements of E( ( )  in the form 

a(u, ¢) = ([Ul, ¢1], [u2, 42],..., [u~, ¢~]) 

with u = ( u l , . . .  ,u~) in the space 0 of row vectors of length r over F v. One 

checks easily that  
a(u, ¢)Q' = a(u.  ~i(¢), ¢(~,,+1/) 

for i = 1 , . . .  , r  - 1, where q)i(~) E GL~(q) is the following matrix: 

The matrix (~i(¢) has j - th  column ej for j ¢ {i, i + 1}, has i-th column ei+l 
--I C --1 and (i + 1)-th column ~i+1 i + ~ i+1(~ i  - -  1)ei+l. Here el = (1 ,0 , . . . ,  0 ) t , . . ,  e r  ---- 

(0 , . . . ,  0, 1) t are the unit column vectors of length r. 

Since the Qi's generate Br, it follows that for each Q E B~ there is unique 

(~(Q, ~) E GL~(q) such that 

(2) n(~, ¢)Q = a(~.  ~(Q, ¢), C (Q)) 

for all u E /). Here a : B~ ~ ST is the natural surjection from §1.2. For 

Q, Q' E B~ we have 

(3) (QQ , ¢) = ~(Q, ¢)(~(Q', C(Q)), 

and if Q' E Br(~ ~(Q)) then 

~ ! --1 ~___ (4) O(QQ Q ,¢) ~(Q,¢)~(Q,,¢,~(Q))~(Q,¢)-I. 
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The group B~(¢) is the stabilizer in Br of the set E(¢), and it contains the pure 

braid group B if) = ker(n). The map ~¢ : B~(¢) --+ GL~(q) sending Q to (~(Q, ¢) 

is a homomorphism by (3). The image of this homomorphism is a subgroup of 

GL~(q) that we denote by /~¢. For even r we let A¢ be the (~¢-image of E~(£). 

Thus 

~¢ _< he _< OLdq). 
Set ~* = ~(R) = (G, - . .  ,~1). Then from (4) and §1.1 we get 

~)¢(p(Q)) = ~¢(R-1QR) = T~¢. (Q)T -1 

for Q • B,.(¢*), where T = (~(R -1, () • GL~(q). Note B~(¢*) = p(B~(¢)), hence 

£r(¢*) = £~(~). Thus we get 

(5) ~¢(Q) = T~¢. (Q)T -1 

for all Q • £~(~) (if the latter is defined, i.e., if r is even). 

2.3. THE INVARIANT HYPERPLANE He. In the following, we view GL~(q) as 

acting on 3 (the row vectors of length r) by right multiplication, and on the dual 

space I) of column vectors of length r by left multiplication. 

The product of the entries of f~(u, ¢) is invariant under the braiding action. 

This product equals [u- v(¢), ¢1...  ¢.], where 

V(¢) ---- ( 1 , ¢1 ,¢1¢2 , . - - , ¢1 . . . ¢ r -1 )  t • Y .  

Thus u .  v(¢) = u~(Q, ¢). v(~(Q)), hence 

(6) ~(Q,  ¢)-1v(¢)  ~- v(¢t~(Q)). 

Thus A¢ fixes v(~) ~ V, and the corresponding hyperplane He of 3 consisting 

of all u • 3 with u .  v(¢) = 0. For u • U, the product of the entries of ft(u, ¢) 

equals [0, ¢1.. .  ¢~] if and only if u • He. 

2.4.  THE INVARIANT 1-SPACE E~. Let the group Aut(G) act component-wise 
on G ~, i.e., A • Aut(G) sends (g l , . . . ,  g~) to (A(g~),..., A(g~)). If A is the inner 

automorphism of G induced by [t, 1] we obtain: A sends Ft(u, ¢) to t2(u+tu(¢), ¢), 
where 

u(¢) = (1 - ¢1,1 - ¢2,--., 1 - ¢~) • U. 

Clearly, the action of Aut(G) centralizes the braid group action on G r. Thus 

A maps 12(u,¢) Q to 12(u + tu(¢),¢) Q. Hence ft(u~(Q,¢)+ tu(¢~(Q)),¢ a(Q)) = 
Ft(u + tu(~), ~)Q. Hence 

(7) u(¢). 4(Q, ¢) -- u(¢~(Q)). 
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Thus /~¢ fixes u (~ ,  and the 1-dimensional subspace E¢ of b" spanned by this 

vector. One checks that He contains E¢ (i.e., u(~) .  v(~) = 0) if and only if 

~ l " " ~ r  = 1. 

2.5. ALL INVAmANT SUBSPACES. For i = 1 , . . . , r  - 1 we have Q~ E B (r) c 

Br(~). Hence the ma t r ix / ) i  clef - 2 = 4)¢(Qi ) lies in/~¢. One computes t h a t / ) i  has 

j - th  column ej for j ¢ {i,i + 1}, has i-th column 

- - i  e --I 
¢i+1 i + {i+1(¢i - ] ) e i+ ,  

and has (i -I- l)-st column 

{i-1 (1 --1 --I --I - + (1 - + 

PROPOSITION I: Suppose r _> 4. Then the non-trivial, proper subspaces of 
invariant under ~¢ are exactly E¢ and He. In particular, A¢ acts irreducibly in 
H¢/E¢ (resp., in He) if ~ , . . .  ~r = 1 (resp., if ~ , . . .  ~ 5£ 1). The same holds for 

the g r o u p  ( / ) l , . . . , B r _ l }  in place of ~¢. If r > 4 then /~¢ acts primitively in 
H¢/E¢ (resp., in He). 

Proof." Once we have shown that /~¢ acts irreducibly in H¢/E¢ (resp., in H()  

then it follows by the argument in IV2, Cor. 2] that it even acts primitively if 

r > 4. Since E¢ and H;  are invariant under/~¢, it suffices to prove the claim for 

the group F := (J~l , . . . ,  ~)r-l>. 

STEP 1: Each F-invariant subspace W of U has dimension < 1 or > r - 1. 

Proof." Let d = dim W. 

CASE 1: F fixes all vectors in W. Then the annihilator W t of W in I~ is a 

subspace of eodimension d such that the /)i act trivially in V / W  ~. Hence W' 
contains all vectors 

--1 
B i  " e i  - -  e i  : (I~+11 - -  1 ) e i  Jr- ~i+1(~i  --  1 ) e i + l  

which clearly span a hyperplane of I). Thus d <_ 1. 

CASE 2: We have w- / ) i  - w ¢ 0 for some i and some w E W. The space of all 

u . / ) i  - u, u C U- is 1-dimensional, spanned by the vector 

( 0 , . . . , 0 , ~ i , - 1 , 0 , . . . , 0 )  

(where ~i is in the i-th coordinate). Hence W contains this vector (by the 

hypothesis of Case 2). However, it is clear that the images of this vector 

under all /)j  span a hyperplane of U. Thus d _> r - 1. This completes Step 

1. 
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STEP 2: It follows from Step 1 that E¢ is the only F-invariant 1-space in /) 

(if there was another one, their sum would be a F-invariant 2-space). Similarly, 

He is the only F-invariant hyperplane in U'. This proves the Proposition. 

COROLLARY 1: Suppose r > 4 and not all ~i = -1 .  Let n = r - 2 (resp., 

n = r -  1) if  4 1 " " ~  = 1 (resp., i f ~ l . . . ~  7 ~ 1). Let A be the subgroup of 

PGL(H¢/E~) (resp., PGL(H¢) ) induced by A¢. Then A contains a subgroup 

isomorphic to PSLn (q) or PSUn (q), unless q is odd and either n = 3,/~ = PU3 (4), 

or n = 4, ~ = PSU4(4). 

Proof: As in [V2, proof of Prop. 3] we see that A contains a non-involutory 

homology (since not all ~i = -1) .  As in IV2, Cor. 6] we see that /~, in its 

action on the projective space associated with H¢/Ei ,  resp., He, does not leave 

a proper projective subspace of the same dimension (defined over a subfield of 

Fq) invariant. Since A acts primitively, the claim follows from Wagner's theorem 

fWa2] .  . 

Actually, for ~1 "' "~  = 1 the groups/~ have been completely classified in [V2, 

Theorem 1]. If q is a square, we let SUn(q) denote the special unitary group 

in GLn(q), no t  that  in GLn(q2). (This departs from current group-theoretic 

notation, but is more convenient for our purpose.) 

2.6.  THE NORMALIZED REPRESENTATION ~¢ AND THE INVARIANT BILINEAR 

FORM. From now on we assume ~ l " " ~ r  = 1. Let U (resp., V) be the space 

of row (resp., column) vectors of length n := r - 2 over Fq. Let A : /J --~ U, 

( x l , . . . ,  xr) ~ (x~ , . . . ,  x~-l) .  Each coset in H¢/E¢ contains exactly one u E H;  

with first coordinate zero. Mapping this coset to A(u) we obtain an isomorphism 

A¢ : H¢/E¢ -+ U. 

The group/~¢ acts naturally (from the right) on H¢/E~. Via the isomorphism 

A¢, this yields a right action of/~¢ on U. Let (I)¢ : Br(~) -~ GLn(q) be the homo- 

morphism such that this action of (~¢ (Q) on U is given by right multiplication 

with the matrix (I)¢(Q): 

= • uo  e u .  

The homomorphism (I)¢ is the same occurring in Theorem 1 of IV2]. The image 

A¢ of (I)~ - -  a subgroup of GLn (q) - -  has been determined in [loc. cit.]. 

Se t / : r (~)  = Br(~) A/:r.  Let A¢ be the image of/:~(~) under (I)¢. Thus 

A¢ _< A¢ < GLn(q). 
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Let ~--1 = ( ~ i 1 , . . .  ,~--1), and note ~r(~ -1) = ~r(()- The representation (I)¢ of 

B~(() is dual to (I)¢-1 by [V2, Prop.2]. Hence if ~* = ~-1 then it follows from (5) 

that the restriction of (I)¢ to £~(~) is self-dual. This proves the first part of 

PROPOSITION 2: 

(a) If  ~* = ~-1 then A¢/eaves a non-degenerate bilinear form on U invariant. 

(b) I f  q is a square and ¢* = ~, where ~ = ( ¢ p , . . . ,  errS), then A¢ is conjugate 

to a subgroup ofGL~(vFq ) by an dement of  GL~(K) ,  K an algebraic c/osure 
of  Fq. 

Proof'. It remains to prove (b). For t E K write { = tv~, and for A E GLr(K) let 

be the matrix obtained by applying the automorphism t ~+ t to each coefficient. 

From (5) there is S E GLn(q) such that (~5¢(p) = S ~ ¢ , ( p ) s  -1 = S ~ ( p ) s  -1 = 

S ~ ¢ ( P ) S  -1 for all P E/2~(~). By Lang's theorem (e.g., [Ca, p.32]) there is A E 

GL~(K) with S = A-1-A. Then A ~ ¢ ( P ) A  -~ = A ~ ¢ ( P ) A  -1 = A@¢(P)A  -~ for 

all P E Z;~(~). This proves (b). 

§3. Class i f ica t ion of  the  groups  A¢ in t he  case (* = ~-1 

From now on we assume the following 

HYPOTHESIS (SYM): r = 2g > 10 is even, and ~* = ~-1 7L ~; the lat- 

ter means ~ 1  = ( r - i+ l  for i -- 1 , . . . , r ,  and ( ~ ( - 1 , . . . , - 1 ) .  We fur ther  

assume ~1. . . ~t 7 ~ 1. 

The latter condition can always be achieved by permuting ~1,. • •, ~r by an element 

of W using (4) (which amounts to replacing A¢ by a conjugate). Note that  

(SYM)  implies that (1"'" (r -- 1, hence E¢ C He. 

By (SYM)  and Proposition 2, the group A¢ leaves a non-degenerate bilinear 

form f on U invariant. 

3.1. THE MAXIMAL ISOTROPIC SUBSPACES U1 AND U2. Let ~q (resp., 02) be 
the subspace of U consisting of the vectors with zeroes in the last (resp., first) g 
coordinates. Set ~(1) = (~1, . . . ,  ~e), ~(2) = ( ~ + 1 , . - . ,  ~r). Let H (i) be the natural 

copy of Hero in Ui. Then H (i) = HCM~]i. Since ~1"'" ~t ~ 1 we have E¢(,) ~ Hi(,) 
(see 2.4). This implies that  E¢ ~ H (1) @ H (2), hence 

He = H (1) ® H (2) @ E¢. 

Let Ui be the A¢-image of H b) in U (~- H¢/E¢) .  Then U = U1 (~U2, and 

dim U1 = dim U2 = g -  1. 
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Let E + be the subgroup of Er generated by P 1 , . . . , P e - 1 .  The map Qi ~-~ 

QiQr-i  extends to an isomorphism Be --+ £+.  (The inverse of this isomorphism 

is the restriction to £+  of the map induced by the embedding of spaces Qe -~ Oe, 

see [SV, §3].) Let g+(~) be the subgroup of/2 + corresponding to Be(~ (1)) under 

this isomorphism; then 12+(() = £+ N B~((). Let h + := eP¢(E+(~)). Clearly, ~r 1 

and/-)2 are invariant under ~¢(£+( ( ) ) ,  hence U1 and U2 are invariant under A +, 

and A + acts on U1 as the group A¢(,). 

Hence by Corollary 1 we know that  A +, in its action on U1, induces a group 

containing SLm(q) or SUm(q), where m = dimU1 = g -  1 > 4. Thus U1 is totally 

isotropic for the invariant form f ,  since SLm(q) and SUm(q) do not fix a non-zero 

bilinear form. 

It follows that  the action of A + in U/U1 ~- (-72 is dual to that  in U1. Hence A + 

acts irreducibly, faithfully and inequivalently in U1 and U2. The latter follows 

from the fact that  the natural representation of SL,,~(q) as well as that  of SUn(q) 

is not self-dual. Further, it follows that  also U2 is totally isotropic. 

3.2. THETRANSVECTION Be. L e t q  = ( 1 , 0 , . . . , 0 ) , . . . , e ~  = ( 0 , . . . , 0 , 1 )  be 

the unit row vectors of length r. The element /)e = ~¢(Q~) = ~¢(p2)  from 2.5 

lies in .~ .  Under hypothesis ( S Y M )  we get 

e~j/)e = ~j for j ¢ g, ~ + 1, 

ee/)e = ~eee + (~-1  __ 1)ee+l, 

e e + l / ) e  = ~e(¢e - 1)ee + (2 - ~e)ee+l .  

Thus /)e acts on U as a transvection with center spanned by the vector 

((e - 1)ee + (~e 1 - 1)ee+l (i.e., Im(/)e - id) is a 1-space spanned by this vec- 

tor, and this 1-space lies in ker(/)e - id) ). Then also the element Be dezf (I)~'(Q 2) 

of A¢ acts as a transvection on U. 

3.3. PRIMITIVITY. 

PROPOSITION 3: The group A¢ acts primitively in U. 

Proof: 

CLAIM 1: A¢ acts irreducibly. Since U = U1 ®/-72, and the subgroup A + of A¢ 

acts irreducibly and inequivalently in U1 and U2, it suffices to show that  A¢ does 

not fix U1 or U2. This means that/~¢ does not fix H (i) q- E¢. We use the element 

De C 3.¢ from 3.2. 

We consider the case i = 2, the case i = 1 is similar. Take 

u - -  ( 0 , . . . ,  0, u e + l , . . .  , u~ )  
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in H (2) with Ue+l 7 ~ 0. Assume the vector  u '  = u •/)~ lies in H (2) + E¢. T h e n  it 

lies in H (2) since its first g - 1 coordinates  are zero (by the shape  of the  ma t r i x  

/)~) and each non-zero vector  in E¢ has all coordinates  non-zero (see 2.4). Thus  

the g-th coordinate  of u ~ is also zero. On the other  hand,  the g-th coordinate  of 

u ~ equals ~(~e - 1)u~+l by 3.2. This  is a contradict ion (since all ~i are different 

f rom 0 and 1). This  proves Cla im 1. 

CLAIM 2: A¢ acts primitively. Now assume U = W 1 (~) . . .  ( ~  W k where A¢ 

pe rmutes  the  n/k-dimensional  spaces Wi transitively, and k > 1. This  yields a 

h o m o m o r p h i s m  ¢ f rom A¢ to  the symmet r i c  group Sk. Let  A' be the  subgroup  

of A + isomorphic  to SL,~(q) or SU,~(q). Then  also A' acts  i rreducibly and in- 

equivalently in U1 and U2. Hence if ¢ restr icted to A' is tr ivial  then  k = 2 and 

Wi = Ui. But  clearly the e l emen t / ) e  does not pe rmu te  H (1) + E ¢  and H (2) + E ¢ ,  

hence Be does not pe rmu te  U1 and U2. Thus  ¢ cannot  be tr ivial  on A'. 

Hence k exceeds the minimal  pe rmuta t ion  degree of the group A ~. Since A' 

SLm(q) or -- SUm(q),  and k < 2m, this contradicts  [Co] Table 1. 

3.4 .  NO INVARIANT QUADRATIC FORM. 

LEMMA 1 : The group A¢ does not  leave a non-zero quadratic form on U inyariant. 

Proof: Assume II 7~ 0 is a A¢-invariant quadrat ic  form on U. Then  its associa ted 

bil inear form (a, b) ~-~ I I ( a  + b) - H(a)  - H(b) is non-zero (since A¢ is irreducible),  

hence non-degenera te  (again since A¢ is irreducible).  Thus  we m a y  assume tha t  

this bil inear form is the above f .  Then  f is symmetr ic .  

If  q is odd  then no t ransvect ion  on U leaves a non-degenera te  symmet r i c  bi- 

l inear form invariant.  But  A¢ contains a t ransvect ion by 3.2. Hence q mus t  be  

even. T h e n  f is a non-degenera te  symplect ic  form. 

We use the  no ta t ion  from 3.1. For i = 1, 2 let u (i) (resp., E (i)) be the  na tu ra l  

copy of u(~ (i)) (resp., E~(~)) in Ui. Thus  u (1) = (1 - ~ 1 , . - . , 1  - ~ , 0 , . . . , 0 ) ,  

u (2) = ( 0 , . . . , 0 ,  1 - ( e + l , . . . ,  1 - Cr) and u( ( )  = ?_t (1) JI- It (S) (see 2.4). Also 

E (i) = (u(i)), E¢ = (u(() ) ,  of course. We have Ui = H (i) + E  (i) since ~ 1 " "  ~t 7 ~ 1, 

and He = H (1) + H (2) + E¢. 

T h e  space (et, et+ 1, u (1) , u (2)) i s / ) t - invar ian t  by 3.2 (since it contains the center  

of / )~) .  Thus  also the  3-space 

/ )  d~f (e~, c~+1, u (1), u (2)) n H i 

is /)e-invariant .  Let D be the  A¢-image o f / ) / E ¢  (C H¢/E¢) .  Then  D is a Be- 

invariant  2-space in U. Using the element xl C D from below, we see t ha t  B~ 
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does not act  tr ivial ly in D. Hence the center C = Im(Bg - id) of Be is contained 

in D; and D is not contained in the axis ker(Be - id) of Be. Since the axis of a 

symplect ic  t ransvec t ion  is the full perpendicular  space of its center, it follows t h a t  

f does not  vanish on D. Since f is sympleetic,  the 2-space D is f -nondegenera te .  

Now consider again the quadrat ic  form I1. It  vanishes on Ui (i = 1, 2), since 

SL,~(q) and SUm(q) do not leave a non-zero quadrat ic  form invariant  (see 3.1). 
Hence Xi def gi A D is a II- isotropic subspace of D. To compute  Xi,  consider the  

vectors 

x(1) = (41"'" 4g--1)411' '"  4e--lice+ u(1) and x (2) = (4~ -1---  4~ -t  - 1 ) e e + l + U  (2). 

T h e y  satisfy X (1) E (ee,uO))NH (1) C b and x (2) E @g+l,U(2))NH (2) C D. Since 

Ui is the ( isomorphic) A¢-image of H (i), it follows tha t  the A¢-image xi of x(0 

lies in Ui N D  = Xi,  and xi ¢ 0. Since Xi is a kI-isotropic subspace of D we have 

d im Xi _< 1, hence X~ = (xi}. Also Xl  ~ X2 (since U1 n U2 = 0). 

The  2-space D is f -nondegenera te ,  hence contains at  most  two H-isotropic 1- 

spaces. Thus  X1, X2 are exact ly  those, hence must  be interchanged by Be. The  

condit ion Xl.  Be E (x2) means  x (1)./?e E (x (2), u(4)). A simple calculat ion using 

3.2 yields tha t  the la t ter  holds iff 4e = 41 " 4e-1. 

Thus  a necessary condit ion for the existence of II  is tha t  

4e = 4 1 " "  4e-1- 

However, if A¢ leaves a quadrat ic  form on U invariant,  then the same holds for 

A¢~ for each rr E W = ~ (£ r )  (see 1.3). Indeed, /~¢~ is conjugate  A4 in ELf (q )  

by formula  (4), hence also A¢~ is conjugate  A¢ in GLn(q).  

Thus  we mus t  have ~(e)  = 4~(1) " '" 4~(e-1) for all rr E W with ~(1)  " '"  ~(e)  ~ 1; 

in par t icular ,  for all 7r E Se. This  implies 41 . . . . .  ¢e and 4f -2  = 1. Now 

choose rr E W wi th  4~r(1) = 411, (7r(2) = 421, 4~r(j) = ~d otherwise.  T h e n  

~ ( 1 ) ' " 4 ~ ( e )  ~ 1, but  we do not have (~(1) . . . . .  ~(e) .  This  contradic t ion 

completes  the  proof  of L e m m a  1. 

3.5.  APPLICATION OF KANTOR'8 THEOREM. So far our me thods  have been 

ra ther  elementary.  Now we use a s tronger  tool: Kan to r ' s  classification [Ka] of 

the  pr imi t ive  subgroups  of GL~(q) tha t  contain a t ransvection.  This  yields our 

ma in  result:  

THEOREM 1: Let  r = 2g > 10 and Iet q be a prime power. Let n = r - 2. 

Let 41 , - . - ,4~  be generators of the field Fq with (i ~ 0, 1 for all i. Assume 

( ({-1, . . . ,4~-1)  = (4~, . . . ,~1)  ~ ( - 1 , . . . , - 1 ) .  Let 4 = (41 , . - . ,4~)  - T h e n A ¢  is 
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conjugate  in GLn(q) to ei ther Sp,~(q) or Spn(v~).  The lat ter  case occurs i f  and 

only  i f  q is a square and all & have norm 1 over F /~. 

Proof: We know that  A¢ acts primitively on U and leaves a non-degenerate 

bilinear form f on U invariant. Fhrther, A¢ contains a transvection by 3.2. Let 

G be the normal subgroup of A i generated by the conjugates of this transvection. 

Then G acts irreducibly on U. By [Wal] for q odd and by [Po, Thm. 1] for q 

even, it follows that  G is as in case (T1), (T2) or (T3) of Kantor 's  theorem 

[Ka, Th. II]. 

In case (T3), q is even and G = S,+1 or G = S~+2, acting on the n-dimensional 

space U as on the non-trivial irreducible constituent of its natural permutat ion 

module. Thus the image of G in the projective group of U is self-normalizing, 

which means that  A¢Fq/F~ --- Sn+l or -~ Sn+2. Restricting to the subgroup A' 

we obtain a contradiction similarly as in Proposition 3. Thus case (T3) cannot 

occur. 

In case (T2), q is even and G is conjugate ± On (q0), where q is a power of q0. 

Thus G leaves a non-degenerate quadratic form II on U invariant, hence also the 

associated bilinear form 

(8) f ' ( x , y )  = II(x + y) + H(x) + II(y). 

Since G acts absolutely irreducibly on U, f '  is a scalar multiple of f ,  the above A¢- 

invariant form. Since G is normal in A¢ (and II is the only G-invariant quadratic 

form on U, up to scalar multiples), the group A¢ fixes II up to scalar multiples. 

Since A¢ fixes f ,  hence f ' ,  it actually fixes II (by (8)). But this is excluded by 

Lemma 1. 

Thus we are in case (T1). This means that  G is conjugate to SLy(q0), SU,~(qo) 

or Spn(q0), where q is a power of q0. Since the first two groups do not fix a 

non-zero bilinear form, it follows that  G = Spn(q0) a for some a E GLn(q). Since 

Spn(q0) ~ fixes a unique bilinear form on U (up to scalar multiples), this form 

equals the A¢-invariant form f .  Thus 

(9) Sp~(qo) ̀~ = G.~ A¢ _< Sp~(q)% 

Thus the centralizer of G in GL~(q) is F~, the group of scalars. Since A¢ fixes 

a non-zero bilinear form, we have A¢ N Fq = +1, hence A¢/{+I}  embeds into 

Aut(G) via conjugation. Consider again the subgroup A' ~ SLm(q) or ~ SUm(q) 

of A¢ from the proof of Proposition 3. Since Out(G) is abelian and A' is perfect, 

we get that  A' C G. 
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Consider an element d of A' acting in U1 as the diagonal matrix diag(t, 1 , . . . ,  1); 

then d acts in U2 dually as diag(t -1, 1 , . . . ,  1). Since A' induces SLm(q) or SUm(q) 

on U1, such d exists where t generates the field Fq over its prime field. Since 

d c G C GLn(qo) ~, the eigenvalues of d are permuted by the absolute Galois 

group of Fq0. Thus t q° = t or t q° = t -1, hence t q~ = t in any case. It follows that  

q 0 = q o r q ~ ) = q .  

If q is a square and ~* = ~ as in Proposition 2(b), then there is A C GL~(K)  

with -= := A~ C GLn(x/~). The group E fixes a non-degenerate bilinear form 

over K,  unique up to scalar multiples. Thus in its action on the space of bilinear 

forms over K,  -= has a 1-dimensional eigenspace for the eigenvalue 1. Since ~ C 

GLn(v~) ,  this eigenspace is defined over F,/~. Hence =_ lies in a conjugate of 

Sp~(x/~ ). Thus IA¢] = I-~] -< ISPn(v/q)] -< IGI • Since G < A¢ it follows that  

A¢ = G = Sp n (v~)  ~" 

If q and ~ are not as in the preceding paragraph, then for ~(1) = (~1,- . . ,  (e) 

we are not in the case that  q is a square and all entries of ~(1) have norm 1 over 

Fv~.  In this case it follows as in [V2], Theorem 1, that  A¢(~) (~  A +) contains 

SLm(q). Thus we can take A' ~- SLm(q). Then we can choose the above d such 

that  t q° 7L t -1. Then t q° = t by the above, thus q0 = q. Then clearly A¢ = G = 

Spn(q) ~ from (9). 

§4. Ga lo i s  r e a l i z a t i o n s  o f  s y m p l e c t i c  g r o u p s  

Corollary 4.2 of [SV] gives conditions that  force the image H of A¢ in PGLa(q)  to 

occur as a Galois group over Q. The first condition is that  H is self-normalizing 

in PGLa(q).  This holds if q is even and A~ is conjugate to Spa(q) or Sp,~(x/~ ). 

Besides conditions assumed in Theorem 1 there is one further condition: The tu- 

ple ( is W-rational,  i.e., for each integer m prime to q -  1 the elements ( ~ ,  (m 

are a permutat ion of ~l ee Q , - - - ,~e  w i t h e i = J = l .  

To construct such ~, assume q = 4 s is a power of 4. Let h be the number of 

generators of the (cyclic) group F~ (resp., of the group S of all elements of Fq 

of norm 1 over Fvr4). Assume e > h. Take ~1, . . . ,  ~h to be the generators of Fq 

(resp., of S), and take the remaining ~i's with i _< e to be equal to some fixed 

element of order 3. Finally, choose ~ - i+1  = ~/-1 for i ~ g. Then if g > 5 the 

hypothesis of Theorem 1 holds, and thus we get A¢ ~ SPa(q ) if q > 4 (resp., 

A¢ -- Sp~(v/-~) if s is odd). Also ~ is W-rational. Now given any f > 1, set 

s = f / 2  (i.e., q = 2 f) if f is even and s = f (i.e., q = 4 s) otherwise. Let ¢ denote 

Euler 's C-function. Then we get 
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THEOREM 2: The simple group Sp,(2f ) ,  1 < f ~ 2, n _> 10, occurs as a Galois 
group over Q (actually, it has a GAL-realization over Q) if n > 2¢(2 / - 1) t'or 

even f and n _> 2¢(2 f + 1) for odd f.  

For the notion of GAL-realization see also IV4], Ch. 8. It  remains to 

justify the GAL-realization in Theorem 2. We get it from Corollary 4.2 of [SV] 

for even f ,  since the centralizer of H = PSp,~(q) in PFL,(q)  is trivial, and 

[Aut(H) : Inn(H)]  = f .  If f is odd, we have to modify that  Corollary. Let I 

be the subgroup of index two of PFLn(q) with PGL, (q)  C I .  It also suffices 

that  the centralizer of H = PSPn(v/~) in I is trivial, and [Aut(H) : Inn(H)] = 

[ I :  PGL,(q)] .  The proof is the same. 

Remark  3: For the groups Sp,(2),  the bound in Theorem 2 can be improved 

to be n > 6, using q -- 4 and { = ( t , . . . , t , t - 1 , . . . , t  -1) with t a = 1 (done 

by [GAP]). The group Sp4(2 ) ~ $6 of course also occurs regularly over Q, but  

we don' t  get a GAL-realization because of the exceptional outer automorphism. 

Thus all groups SPn(2 ) occur regularly over Q. This improves a result of H~fner 

[HI who showed this for all n such that  n + 1 is a prime having 2 as a primitive 

root mod n + 1. 

Remark  4: The group Sp,(4) has a GAL-realization over Q if n > 6 satisfies 

n - 2 mod 4. Indeed, then r -- n + 2 is divisible by 4, say r = 4r0, and we get a 

W-rat ional  tuple { with ~1 . . . . .  ~0 of order 5 in F16. Then A¢ ~- Spn(4) for 

n > 10 by Theorem'  1; for n = 6 use [GAP]. 

Appendix: Irreducibility of A¢ 

For possible later use, we give here a proof for the irreducibility of A¢ in the 

general case, only assuming ~1""  ~ -- 1 (but not the hypothesis ~* = ~-1 from 

§3). This would be a first step in proving that  A¢ is between a special and general 

linear (resp., unitary) group if ~* ~ ~-1. 

PROPOSITION: Suppose~ >_ 4, ~1"'" ~r = 1 and ~ ~ ~*. Then ~,¢ acts irreducibly 

in H¢/E¢. 

Proof We use the notation from §3. Let E,  be the subgroup of Br generated 

by P1 , . . .  ,P~- I .  Let /:* = /:, N B (r). The map Qi ~ QiQ~-i extends to an 

isomorphism Bg --+ ~ , .  This induces an isomorphism B (~) --+ ~*. Identify F.* 

with B (e) via this isomorphism. 

The representation ~¢ restricted to ~* ~ B (~) leaves Ui invariant (for i -- 1, 2). 

It  yields the representation ~¢(1) of B (~) on U1 (where we identify Ui with the 
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space of row vectors of length g by dropping the last resp., first, g coordinates). 

On U2 we obtain the representation ~¢(2) op0, where P0 is the restriction to B (e) of 

the (inner) automorphism Pe of Be with pg(Qi) = Qg-i  (see 1.1). Set A = 4)¢(£*). 

From Proposition 1, the non-trivial, proper subspaces of/)i  invariant under A are 

exactly E (i) and H (0. Note that H (i) C He. 

If ~1 "'" ~e = 1 then E (i) C H (i) (by 2.4). Then the representation of/2" - B (e) 

in H ( i ) / E  (i) induced by (I)¢ is equivalent to (I)u1), respectively, (I)¢(2)op0 (see 2.6). 

From §1.1 and formula (4) we get 

¢bU2) o po(Q) = (bU~)(R-[1QRg) = Tcb(U~)) .(Q)T-1,  Q E I3 (g) 

where Re c Be satisfies pg(Q) -- R [ 1 Q R e  for all Q E Be (see 1.1) and T = 

(I)(R~-I, ((2)) and (~(2)). d_ef (~(2))m(R;1) = ( ~ r , ' ' ' ,  ~e+l). 

Since ~ :fi ~* we have ~(1) ¢ (~(2)).. Hence the restrictions to B (g) of (b¢(1) and 

of q5(¢(:)), are not equivalent by IV2, Cor. 4] (note g :> 4). Thus H ( 1 ) / E  (1) and 

H ( 2 ) / E  (2) are non-isomorphic A-modules. They are irreducible by Proposition 

1. (When speaking of A-modules we mean Fq[A]-modules, to be precise.) 

In the other case ~1"'" ~g ¢ 1, H (1) and H (~) are irreducible A-modules, and 

one can similarly show that they are non-isomorphic. 

CASE 1: I f  ~1 "'" ~e 7 ~ 1 then the Proposit ion holds. 

Proof." In this case He = H (1) + H (2) + E~. Hence any proper A-submodule of 

H~ that properly contains E¢ must equal H (i) + E¢ for i = 1 or i -- 2. Thus 

it suffices to show that H (i) + EC is not /~- invariant .  This is as in the proof of 

Proposition 3. 

CASE 2: If ~1 ""  ~e = 1 then we can permute the ~i using formula (4) to reduce 

to Case 1. (Note that  not all ~i are equal because we assumed (* ~ ~.) 
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